Expansion, geometry, and gravity by Caldwell, Robert R. & Kamionkowski, Marc
JCAP09(2004)009
ournal of Cosmology and Astroparticle Physics
An IOP and SISSA journalJ
Expansion, geometry, and gravity
Robert R Caldwell1 and Marc Kamionkowski2
1 Department of Physics and Astronomy, Dartmouth College, 6127 Wilder
Laboratory, Hanover, NH 03755, USA
2 Mail Code 130-33, California Institute of Technology, Pasadena, CA 91125,
USA
E-mail: Robert.R.Caldwell@dartmouth.edu and kamion@tapir.caltech.edu
Received 20 May 2004
Accepted 6 September 2004
Published 17 September 2004
Online at stacks.iop.org/JCAP/2004/i=09/a=009
doi:10.1088/1475-7516/2004/09/009
Abstract. In general-relativistic cosmological models, the expansion history,
matter content, and geometry are closely intertwined. In this brief paper, we
clarify the distinction between the eﬀects of geometry and expansion history
on the luminosity distance. We show that the cubic correction to the Hubble
law, measured recently with high-redshift supernovae, is the ﬁrst cosmological
measurement, apart from the cosmic microwave background, that probes directly
the eﬀects of spatial curvature. We illustrate the distinction between geometry
and expansion with a toy model for which the supernova results already indicate
a curvature radius larger than the Hubble distance.
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Perhaps the most surprising implication of the general-relativistic cosmological models
which ﬁrst emerged roughly 80 years ago [1] was the possibility that the spatial geometry
of an isotropic homogeneous Universe could be nontrivial. Alternatives to the intuitively
obvious Euclidean geometry (a ‘ﬂat’ Universe) include a three-sphere (the ‘closed’
Universe) and a three-hyperboloid (the ‘open’ Universe).
Over the past ﬁve years, a suite of cosmic microwave background (CMB) experiments
have provided unique tests of the spatial geometry and provided very compelling evidence
that the Universe is ﬂat [2, 3]. More precisely, the evidence is that the Universe is
consistent with ﬂat, by which we mean that if the Universe is open or closed, the radius
of curvature is larger than roughly three times the Hubble distance.
As robust as the CMB results may be, the cosmological geometry is of such
fundamental signiﬁcance that it is well worth exploring alternative avenues. Inspired by
the recent announcement of the measurement with high-redshift supernovae [4] indicating
a transition from cosmic deceleration to acceleration, here we point out that the cubic
correction to Hubble’s linear relation between the luminosity distance and the cosmological
redshift depends on the spatial geometry [5, 6]. Although well appreciated by experts,
the distinction between the eﬀects of expansion and geometry is often imprecise in the
literature. This probably stems from the fact that the matter content, expansion, and
geometry are linked in general relativity. In particular, previous measurements that found
an accelerating expansion [7] have not yet directly probed the spatial curvature3. We
argue here that the measurement of the cubic correction to the luminosity–distance–redshift
relation is the ﬁrst signiﬁcant, non-CMB cosmological test that probes the spatial geometry.
Below we ﬁrst clarify the dependence of the luminosity distance on the geometry
and on the expansion history. We then discuss a straw-man model (that respects general
relativity but postulates an exotic form of matter) that illustrates the eﬀects of geometry
and expansion history on the cubic term. Next we show how the the quartic correction to
the Hubble law might then distinguish between geometry and expansion history in this
toy model. We then argue that no other classical (non-CMB) cosmological tests have yet
probed the geometry.
The luminosity distance of an object at redshift z is dL = (L/4πF )
1/2, where L is
the luminosity for a given object (presumed known for the high-redshift supernovae being
detected), and F is the energy ﬂux received from that object. The expression for the
luminosity distance in a dynamic, homogeneous, isotropic spacetime is
dL(z)
(1 + z)
=


R sinh
[ c
H0R
∫ z
0
dz′
E(z′)
]
, open,
cH−10
∫ z
0
dz′
E(z′)
, ﬂat,
R sin
[ c
H0R
∫ z
0
dz′
E(z′)
]
, closed.
(1)
Here, H0 is the Hubble constant, cH
−1
0  4300 Mpc is the Hubble distance, and R is the
(comoving) radius of curvature of the open or closed Universe; for the closed Universe,
it is precisely the radius of the three-sphere, and the argument of the sine is the angle
3 To be clear, we mean to discuss the curvature of the homogeneous, isotropic spatial sections in an FRW universe,
which is nonzero in a nonﬂat universe only, not the spacetime curvature, e.g. Ricci scalar.
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around the three-sphere subtended by an object at redshift z. Note that as R→∞, the
open/closed expressions reduce to that for the ﬂat Universe, as they should. The explicit
appearance of R in these equations, as well as the sin and the sinh in the closed- and
open-Universe expressions, is a direct consequence of the non-Euclidean spatial geometry.
The function E(z) quantiﬁes the expansion rate as a function of redshift; it is deﬁned
from
[H(z)]2 ≡
(
a˙
a
)2
= H20 [E(z)]
2, (2)
where H(z) is the expansion rate at redshift z, a(t) = (1+ z)−1 is the scale factor at time
t, and the dot denotes the derivative with respect to time. Equations (1) follow from the
properties of the spacetime, independent of the laws of gravitation.
According to general relativity, the expansion rate is determined by the matter content
and the spatial curvature. If the Universe consists of nonrelativistic matter (whose
energy density scales as a−3) plus a cosmological constant (whose energy density remains
constant), then
E(z) = [Ωm(1 + z)
3 + ΩΛ + ΩK(1 + z)
2]1/2, (3)
where
Ωm =
8πGρm
3H20
, ΩK =
c2
(a0H0R)2
, ΩΛ =
Λc2
3H20
, (4)
and ρm is the nonrelativistic-matter density today, G is the gravitational constant, and
Λ is the cosmological constant. For reference, current best-ﬁt values from a variety of
measurements are Ωm  0.3 and ΩΛ  0.7.
Equation (3) implies Ωm + ΩΛ + ΩK = 1. Thus, measurement of Ωm and ΩΛ (i.e.,
determining the matter content of the Universe) ﬁxes ΩK , even without observing any
geometrical eﬀects. This is the explicit statement that in general relativity the matter
content of the Universe determines the geometry.
Let us now return to equation (1). This can be Taylor expanded (see, e.g., [6]),
dL(z) =
cz
H0
{
1 +
1
2
(1− q0)z − 1
6
[
1− q0 − 3q20 + j0 ±
c2
H20R
2
]
z2 +O(z3)
}
, (5)
where ± is + for a closed Universe and − for an open Universe. In this expression,
q0 ≡ −(a¨/a)H−20 (evaluated today) is the well known deceleration parameter, and
j0 ≡ (...a/a)H−30 (also evaluated today) is the ‘jerk’, a scaled third time derivative of
the scale factor a(t) of the Universe. The linear term (H0) in this relation is the Hubble
law, and the quadratic correction (q0) is the deceleration. These do not depend on R;
they thus both depend only on the expansion history, and not on the spatial curvature.
The cubic term in equation (5) is the ﬁrst term in the Taylor expansion that
depends explicitly on the spatial curvature R. In other words, it is the ﬁrst term in
the redshift expansion in which the dependence of the brightness of an object depends on
the convergence or divergence of nearly parallel light rays that occurs in a non-Euclidean
spatial geometry. This is the ﬁrst key point of our paper.
In a Universe that consists of nonrelativistic matter and a cosmological constant,
the densities Ωm and ΩΛ determine the deceleration parameter and they determine the
geometry; it has thus become quite common for cosmologists to associate the cosmological
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Figure 1. Current constraints to the [q0, j0 + (H0R)−2] plane. The dark shaded,
curved ellipsoidal region is the 95% conﬁdence-level constraint from recent high-
redshift supernova measurements [4]. The light-shaded region shows the domain
of validity of the cubic redshift expansion; more precisely, outside these regions,
there would be a unit magnitude error at z = 1.5 introduced by the quartic
term. The solid curve indicates a family of ﬂat cosmological-constant models
with decreasing matter density from right to left, terminating at q0 = −1 when
Ωm = 0. The short-dashed curve shows the same for ﬂat models with quintessence
with w = −1.2 (i.e., a phantom-energy model [11, 12]), and the long-dashed curve
shows the same for w = −0.8. The vertical band shows the range of values for
the spatially curved model with Ωm + ΩΛ = 1 discussed in the text and matter
density spanning the range 0.2 < Ωm < 0.4.
expansion with the cosmological geometry. The second key point of our paper is to remark
that there is indeed a distinction. For example, if the expansion dynamics were determined
by some theory other than general relativity—as some have begun to speculate in view
of the apparent cosmic acceleration—then the geometry would not necessarily be ﬁxed
by the expansion history. Even within the context of general relativity, they need not be
linked, as the following toy model illustrates.
Consider a family of models that contain, in addition to nonrelativistic matter and a
cosmological constant, some form of exotic matter with an energy density that scales as
a−2 with the scale factor a(t); this could be accomplished, for example in the single-texture
model [8] or with a network of nonintersecting strings [9] although the speciﬁc mechanism
is irrelevant here. Suppose also that the Universe is closed. Then the Friedmann equation
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becomes
[E(z)]2 = Ωm(1 + z)
3 + ΩΛ − ΩK(1 + z)2 + Ωt(1 + z)2, (6)
where Ωt = 8πGρt/3H
2
0 is the texture energy density today. The crucial feature of this
model is that the contributions to the expansion rate of exotic matter and spatial curvature
evolve with the same time dependence. Therefore, if we set Ωt = ΩK , or equivalently,
ρt = 3c
2/8πG(a0R)
2, then the texture and spatial-curvature terms in the Friedmann
equation cancel out. We thus arrive at a family of models that have the same Ωm and ΩΛ,
with Ωm + ΩΛ = 1, and identical expansion histories, but are parametrized by a nonzero
spatial curvature R that we can freely dial without aﬀecting E(z). Consequently, the only
inﬂuence of spatial curvature on classical tests of cosmology occurs through the geometric
factor, sin/sinh in equation (1). In the redshift expansion of the luminosity distance,
equation (5), the presence of spatial curvature ﬁrst appears starting at the third term.
If the Universe consists of nonrelativistic matter and a cosmological constant,
then general relativity gives q0 =
1
2
(Ωm − 2ΩΛ) and j0 = Ωm + ΩΛ. Suppose then
(consider hypothetically a CMB-data-free world), that the matter density is determined
by dynamical measurements. Then q0 would give us ΩΛ, from which we could predict
j0. Since the cubic term depends on the combination j0 + c
2/(H0R0)
2 (cf equation (5)),
measurement of the cubic correction to the Hubble law then provides a measurement of
the geometry. This is illustrated in ﬁgure 1, where current supernova constraints to the
[q0, j0 + c
2/(H0R0)
2] parameter space are shown. Within the class of our toy models with
0.2 < Ωm < 0.4 and Ωm + ΩΛ = 1 and R variable, it is clear that R is restricted to be
bigger than roughly the Hubble radius.
Suppose, however, that rather than a cosmological constant, the dark energy has
some time variation [10] with an energy-density decay parametrized by an equation-of-
state parameter w. If so, then the jerk j0 depends on w as well as Ωm and ΩΛ [5, 6], and it
thus cannot be predicted from measurements of the deceleration parameter; i.e., the jerk
and geometry cannot be distinguished by the cubic correction to the luminosity distance
in this broader class of models. This is illustrated by the solid, long-dashed, and short-
dashed lines in ﬁgure 1 that indicate families of ﬂat models with w = −1 (cosmological
constant), w = −0.8 (quintessence), and w = −1.2 (phantom energy [11, 12]). In this
case, one may hope to use the quartic correction to the luminosity distance [6],
cz4
24H0
[
2− 2q0 − 15q20 − 15q30 + 5j0 + 10q0j0 + s0 +
2c2(1 + 3q0)
H20R
2
]
, (7)
where s0 = (
....
a/a)H−40 is the ‘snap’, to isolate the spatial curvature. This is a diﬃcult
approach, however, in the absence of a theory of the dark energy. As the parameter space
of cosmological models is expanded, more terms in the expansion must be accurately
determined in order to isolate the eﬀects of the geometry.
Before closing, we note that the recent supernova [4] measurement of the cubic
correction to the luminosity distance is the ﬁrst non-CMB empirical probe of the spatial
geometry of the Universe. All classical cosmological measurements depend on some
combination of the expansion history parametrized by E(z) and the spatial curvature
R [13]. So, for example, the linear growth of perturbations depends only on the
expansion history. The number-count–redshift relation, Alcock–Paczynski test, and
angular-diameter–redshift relation (determined, e.g., with radio sources) depend on both
Journal of Cosmology and Astroparticle Physics 09 (2004) 009 (stacks.iop.org/JCAP/2004/i=09/a=009) 5
JCAP09(2004)009
Expansion, geometry, and gravity
the expansion and geometry, but none have been determined precisely at suﬃciently high
redshift to tease out a cubic term. We thus conclude that the new supernova measurements
are the ﬁrst non-CMB measurements to probe directly the eﬀects of nontrivial spatial
geometry.
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